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The dynamic response of smart composite/sandwich laminates and its control is studied using a refined hybrid
plate theory to model the coupled electromechanical field problem in the present study. The proposed plate model
consists of a refined plate theory and layerwise theory for through-thickness representation of structural
deformation (mechanical field) and electric potential, respectively. The refined plate theory has the elegance that it
ensures interlaminar shear stress continuity as well as stress free conditions at the plate top and bottom surfaces with
the unknowns at the reference plane only. To have any arbitrary through-thickness variation of electric potential due
to the presence of embedded piezoelectric layers, the layerwise theory is used. Though it requires unknowns at all the
interfaces, they are eliminated from the final system of equations. The in-plane variations of unknowns at the
reference plane for structural deformation and those for the electric potential at the different interfaces are
approximated by the finite element technique. As the proposed plate model requires C' continuity of transverse
displacement at the element interfaces, a new rectangular element is developed where this requirement is fully
ensured. Finally, numerical examples are solved to study the different aspects of the present problem.

Nomenclature

{f} = vector of displacement parameters at plate midplane

{f} = displacement field

h = overall thickness of the plate

n;, n, = number of layers below and above the midplane,
respectively, of the laminated plate

u,v = in-plane displacements along x-direction and y-
direction, respectively, at the midplane of the plate

u,v = in-plane displacements at any point

w = transverse displacement at the midplane of the plate

w,,w, = firstpartial derivative of w with respect to x and y,

A respectively

w = transverse displacement at any point

of,of = change in slope at the i-th interface in the x and y
directions, respectively

{8} = element displacement vector

{e} = strain vector at the midplane of the plate

{&} = strain vector at any point of the plate

{0} = stress vector at any point of the plate

L

A realistic prediction of the structural response of composite or
sandwich laminates with embedded or surface-bonded
piezoelectric layers is one of the challenging problems, as it requires
modeling of a coupled electromechanical field problem in a layered
media. For such a problem, the most common approach is due to
Hagood et al. [1], Ray et al. [2,3], Kim et al. [4], and a few others
where the piezoelectric layers are essentially surface-bonded and the
interface of these layers with the core is grounded to make the electric
potential zero over the entire core. It leads to a simple through-
thickness variation of electric potential, which may be represented by
two unknowns (at the plate top and bottom surfaces) taking linear
variation of potential across the piezoelectric layers. In these studies,
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the structural deformation is represented by a plate model based on
the single layer theory (SLT), such as classical plate theory, first-
order shear deformation theory (FSDT), and higher order shear
deformation theory (HSDT). These models are definitely simple and
easy to implement but they are not capable enough to model a
complex problem. A major limitation of these models is that
piezoelectric layers cannot be embedded inside the plate and
through-thickness variation of potential cannot be made arbitrary.
Moreover, these plate models are not competent enough for accurate
prediction of stresses. In the case of sandwich laminates, they are not
suitable even for the evaluation of global parameters like
displacement, natural frequency, or buckling load.

In this context, the other extreme is due to Allik and Hughes [5],
Tzou and Tseng [6], Sze and Yao [7], and a few others who have used
three-dimensional (3-D) finite element analysis to solve the problem.
It is obvious that the 3-D analysis gives better accuracy and
generality but it requires huge computational effort. The
computational involvement becomes prohibitively high when
piezoelectric layers are too thin compared with the plate dimensions,
which is quite common in many practical problems. As aresult, the 3-
D finite element analysis may become unsuitable in handling a real
problem. An improvement in this direction is due to Heyliger et al.
[8,9] who have used layerwise theory (LWT) [10-13] instead of 3-D
finite element modeling. In this approach LWT, the through-
thickness variation of structural deformation, as well as electric
potential, is represented by piecewise linear interpolation functions
with unknowns at all the layer interfaces including plate top and
bottom. Though the computational involvement in LWT is
somewhat less compared with that in 3-D analysis, LWT may not be
suitable for a multilayered plate, as the number of unknowns is
dependent on the number of layers. To overcome this difficulty,
Mitchell and Reddy [14], Saravanos [15], and Sheikh et al. [16] have
proposed the concept of hybrid plate theory (HPT), where the
structural deformation and the electrical field are modeled by SLT
and LWT, respectively. With the use of SLT having unknowns at the
reference plane only, HPT becomes computationally quite economic
and generality of the problem is not affected. However, these hybrid
models inherit the limitations of SLT in modeling layered plates as
mentioned earlier.

In a layered plate like composite/sandwich laminate, the in-plane
strains and out-of-plane stresses are continuous at the layer
interfaces, whereas in-plane stresses and out-of-plane strains are
discontinuous due to difference in the rigidities of the adjacent layers.
In SLT, the variation of displacement components across the plate
thickness is expressed by continuous functions. Consequently, all the


http://dx.doi.org/10.2514/1.6467

TOPDAR, SHEIKH, AND DHANG

4
n
< <
n+2 | h/2
n+1 U7
n, axn.
4
nl
an—l
z
".'2
2
z

Fig. 1 General lamination configuration.

strain components become continuous and stress components
become discontinuous at the layer interfaces. Thus, SLT cannot
properly represent the out-of-plane deformation of layered plates. It
is this drawback that has inspired researchers to develop LWT,
however, this theory involves unknowns at all the interfaces as
mentioned earlier.

To have the capability of LWT and computational economy of
SLT, arefined plate theory is used to represent the through-thickness
variation of structural deformation in the present study. The
development of refined plate theories has been initiated by Di Sciuva
[17], who has pioneered contribution to this field. This plate theory
and some similar theories, such as that of Lue and Li [18] and a few
others, are defined as refined first-order shear deformation theory
(RFSDT). In RESDT, the in-plane displacements have piecewise
linear variation across the plate thickness like that of LWT, whereas
transverse displacement is constant over the entire thickness. Such a
variation of in-plane displacements is obtained by taking unknowns
initially at all the interfaces like in LWT, but all these unknowns are
ultimately replaced by some unknowns at the reference plane
through satisfaction of transverse shear stress continuity at the layer
interfaces. A further improvement over RESDT is due to Bhaskar and
Varadan [19], Di Sciuva [20], Lee and Liu [21], and Cho and
Parmerter [22] who have combined the concepts of RFSDT and
HSDT (third-order SLT) of Reddy [23] to develop another class of
refined theory defined as refined higher order shear deformation
theory (RHSDT). The theory gives piecewise parabolic variation of
transverse shear stress across the plate thickness with continuity at
the layer interfaces, which introduces transverse shear strain jumps at
the layer interfaces as desired. Moreover, the transverse shear
stresses become zero at the plate top and bottom surfaces in RHSDT.
To embed the piezoelectric layers inside the plate and to have any
suitable variation of potential across the plate thickness, the electric
field is represented by the LWT, which involves unknowns at all the
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interfaces. This makes the size of the element matrices quite large at
the beginning, but the size is drastically reduced by eliminating all
the degrees of freedom for the electric potentials Epop through static
condensation.

With the preceding plate model, the in-plane variation of
unknowns is represented through finite element approximation. In
this context, it should be noted that the present plate model demands
C! continuity of w at the element interfaces, as it involves second-
order derivatives of w in the strain components. This is a well-known
problem of plate finite element, which is found in all the refined
theories. Keeping this aspect in view, a new rectangular element is
developed where the aforementioned continuity requirement is fully
ensured by taking bicubic Hermitian polynomials for the
interpolation of w. The other field variables are interpolated with
bilinear interpolation functions. The details of the element are given
in the section of mathematical formulation.

The performance of the proposed model is tested with numerical
examples under static and dynamic conditions before it is applied to
the final problem, where a number of results are generated to study
the different aspects of the present problem.

II.

According to RHSDT, the variation of in-plane displacements
across the plate thickness (Fig. 1) may be expressed in terms of
linearly varying zigzag components combined with a cubically
varying continuous component as follows:

Mathematical Formulation

ny n+n,

i=u+y -z )H(—z+z.)+ Y dz—2)
i=1 i=n+1
X H(z—z) + B2 + 1,2° (1)
n ni+n,
i=v+ Y oG-z )H(z ) + Y iz 2)
i=1 i=n+1
X H(Z - Zi) + ﬂyZz + TIyZ3 (2)

where H is the unit step function.
The transverse displacement is taken to be constant over the plate
thickness and it may be expressed as

3

According to layerwise theory, the through-thickness variation of
electric potential may be expressed as

w=w

n+l

o= Y'¢

i=1
where ¢’ is the potential at the ith interface, n is the total number of
layers (n; + n,), and v/ is the piecewise linear function as follows:
V' =(z— 2/ (&~ z)H(z —2) — H(z;iy —2)]
+ (zip1 — 2/ (@i — 2)[H(zip — 2) — H(z; — 2)]

Assuming normal stress o, = 0, the constitutive equation of a pie-
zoelectric lamina may be expressed in the structural axes system as

“

(4a)
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where the different parameters in the rigidity matrix of the kth lamina
[0*] can be obtained from material properties and fiber orientation of
that lamina. The detailed derivation of these equations is available in
an earlier study [24].

Using the condition of zero transverse shear stress at the plate top
and bottom surfaces, B,, B,, 1., and n, may be expressed in terms of
the other quantities of Egs. (1-3) as

1 &
—ﬂZa;

N, = 3 [ Zoz + = Z ] and (6a)
l n+1
Ny = 3]’12 |: Z(X += X;rl ]

Now, imposing the condition of transverse shear stress continuity
at the interfaces between the layers, o and o) may be finally
expressed in terms of the quantities at the reference plane as

afr = axx(yx) + axy(yy) + bxxw‘x + bxyw.y

, (6b)
Olfv = ayx(Vx) + ayy(yy) + byxwdr + byyw.y

1
where y.(=w, Ko

n1+1

-0, =w,+a'") and p(=w, -0, =w, +
) are the transverse shear strains at the reference plane whereas
the constants (@, @y, by, by, ...) are dependent on the material
properties of the two layers adjacent to the ith interface.

In the derivation of Egs. (6), the coupling between mechanical and
electrical fields is not considered to avoid complications and other
difficulties like the problem in satisfaction of the interelemental
continuity requirement. It has been numerically verified in an earlier
work [24] that the effect of this simplification is insignificant on the
continuity of transverse shear stresses at the interfaces of
piezoelectric and nonpiezoelectric layers.

Using the preceding equations, the strain vector {¢} found in
Eq. (5) may be expressed in terms of unknown displacement
parameters at the reference (z = 0) plane and unknown potential and
its derivatives at different interfaces as

{e}
=la, v, dy+v, d,+w, v +w, ¢, ¢, ¢.]"
U x Uy uy +v X w,xx w,y_\ w Xy Vx yvrlr
=L Vxy Vy Vyx Vyy Wy Wy ¢
_[ ] 1 ¢l 2 ¢n_ ¢n+l
n+1 n-r—l " -

or {&} =[L{e}
O

where the elements of [L] are functions of z and unit step functions.

In a similar manner, the displacement components at any point
within the plate may be expressed in terms of reference plane
parameters as

S e v

iy = [R] = [RILf} ®

ISISTIRN
Il

Yy

With the preceding equation, the velocity components at any point
may be expressed as

%w=@=mm ©)

Now the energy V of the system may be expressed as
V=T-U+W=T-U+W,+W,) (10)

where T is the kinetic energy, U is the strain energy, W,, is the work
done by the applied load, and W, is the work done by the applied
surface charge.

With the help of Eqgs. (5) and (7), the strain energy U may be
expressed as

:%;// @[0!t dxdy ez

:%Z // {s}T[L]T[Qk][L]{s}dxdydz (1)
k=1

Similarly, the kinetic energy 7 may be expressed with the help of
Eq. (9) as

=33 [ v otirasaves
Z%Z/] {FYTIRY pe[RI{f ) dx dy dz (12)
k=1

where p, is the mass density of the kth layer.
The work done by a distributed transverse load of intensity ¢ may

be expressed as
W, = //wqudy (13)

whereas the work done due to a distributed surface charge s at the ith

interface is
W, = //dbisdxdy (14)

Now, the in-plane variation of the basic unknowns is represented
by finite element approximation. In the present problem, the field
variables (basic unknowns) are u, v, w, y,, and y, for structural
deformation whereas ¢', ¢, . .., ¢"*! are those for the electric field.
Here, it should be noted that the present plate model requires C!
continuity of transverse displacement w at the element interfaces
because some strain terms [17] contain second-order derivatives of
w. This is a well-known problem of plate finite element as mentioned
earlier. Keeping this aspect in view, a rectangular element having
four nodes at its four corners is developed (Fig. 2). Taking u, v, w,
W, Wy, W Vi ¥y and @l @2, ..., " as the degrees of freedom
at each node all the field Varrables except w are interpolated with
bilinear interpolation functions, whereas bicubic interpolation
functions are used to interpolate w as follows:

W}

- X

a

Fig. 2 Geometry of a rectangular plate.
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4
u = Nl{u, + Njuy + Niuz + Njuy = Y Nlu; = [N'}{8}

i=1
4 4 4
v=Y Nuv.  n=Y N = N,
i=1 i=1 i=1

4
¢ = N
i=1
w= wal + N;(w,x)l + Ng(w\)l + Né(t‘(w.xy)l + Nng + -
16
+ Nis(w,y)s = ) NP = [NN(8
i=1
(15)

where N! and N¢ are the bilinear and bicubic interpolation functions,
respectively, for ith node. It has ensured C' continuity for w and C°
continuity for the other field variables as desired by the proposed
plate model.

With the help of Eq. (15), the vector {¢} as found in Eq. (7) may be
expressed in terms of {4} containing nodal degrees of freedom as

{e} = [BJ{&} (16)

where [B] contains interpolation functions N! and N¢ and their
derivatives.

In a similar manner, the vector {f} found in Eq. (9) may be
expressed in terms of {8} as

{f} =I[Clé} (17)

With the help of Egs. (11-14), (16), and (17), Eq. (10) may be
expressed as

V=2 (GG ST + 07 (R, + 0 (R, )
18)

where,

k1= [[ferergmmage a9
k=1

M,] = Z [[[ riermrmiciaaye: o
kot = [[vrgaray @

Ry = [[vrsacey 22)

and N is the total number of elements. The Hamilton’s variational
principle of dynamics may be applied to Eq. (18) to get the equation
of motion of the system. For an element, it may be expressed as

[KJ{8} + [M,){8} = {R,} + {R.} = {R} (23)

If the effect of damping is considered, the above equation may be
written as

[KJ{8} + [CJ(8} + [M,){8} = {R} (24)

The stiffness matrix [K, ], damping matrix [C, ], mass matrix [M,], and
load vector {R} of all the elements are computed and assembled
together to form the overall stiffness matrix [K], damping matrix [C],

mass matrix [M], and load vector {F'} of the entire structure where the
matrices [K], [C], and [M] are stored in single array following skyline
storage technique. With these matrices, the equation of motion of the
system may be expressed as

[KI{A} + [C{A} + [MJ{A} = {F} (25)

After substitution of boundary conditions in the above equation, it is
solved directly with the Newmark’s 8 technique of time integration
[25].

Before solving the above equation, the degrees of freedom for the
electric potential are eliminated from it, as mentioned earlier. The
elimination is carried out through static condensation technique,
which is convenient to be applied at the element level. This is carried
out by partitioning the matrix Eq. (24) in terms of mechanical and
electrical components as

(Kenl  [Kee] J U8} R A
. {[Mmm] 0}{{8","}} _ {{Rm}} 6)
0  0l¢s,} R}
Eliminating {§,} from the above equation, one obtains

[K1{8,} + [CI{8,} + [M1{6,,} = (R} 27

where [K] = [K,,,,] = Ko l[K el ™' [Kel, [C] = [C ], [M] = [M,,],
and {R} = {Rm} - [Kme][Kee]il {Re}

In the solution of Eq. (25), the nodal displacements vector {§,,} of
an element at any instant of time is extracted from the nodal
displacements vector of the whole structure at that time and it may be
used to retrieve the corresponding vector {3, } for electric potential as

{8} = —[Kee] ' [Kenl(80} + [Kee R} (28)

Now the above vector may be partitioned in terms of potential at
sensor {¢,}, core {¢_}, and actuator {¢,} as

{0}
8.3 =1 {9} (29)
{a}

For the suppression or control of structural vibration, the sensor
voltage is used as feedback to get the potential to be supplied to the
actuators as

{d.} = Glos} (30)

where G is defined as gain.

III. Results and Discussion

In this section, the proposed refined hybrid plate model is applied
to the solution of numerical examples covering a wide range of
features. At the beginning, attempts are made to validate the different
components of the present formulation where a problem of static
analysis is also considered. Once the performance of the model is
tested, it is applied to dynamic response and control of smart
sandwich laminates under different conditions.

A. Static Response of a Smart Composite Laminate

A laminated (p/0/90//0//90/0/p) square (axa) plate simply
supported at the four edges and subjected to distributed transverse
load (static) of intensity g = g, sin(zx/a) sin(;ry/a) having the
peak at the plate center is taken in this example. For surface-bonded
piezoelectric layers, the material used is PZT-4 having a thickness of
0.025h each, where £ is the total thickness of the plate. The material
used for the other layers is graphite/epoxy, where the thickness of
each of these layers is 0.05/ except the central layer, which is 0.75h
thick. The material properties used are



2640

PZT-4: E,; = Ey, =81.3 GPa,  Es, = 64.5 GPa
612 =30.6 GPa, G13 = G23 =256 GPa, Vip = 0.329
Vi3 = vy = 043, kyy /ko = kao/ky = 1475.0

k33/k0 = 1300.0, k0 = 8.85 x ]0—]2 F/m
e = ey =-520C/m’, e =15.08 C/m’
€y = €15 = 12.72 C/m2

graphite/epoxy ply: E;; = 132.38 GPa
E,, = E33; = 10.756 GPa, G, = G3 =5.654 GPa
G,3 = 3.606 GPa, Vo3 = 0.49
ki /ky=3.5, k33 /ky =3.0

Vip = Vi3 = 024,

ky ko = 3.0,

To simulate this plate as a sandwich laminate, the material
properties of the central thick layer is varied where its values of
elastic moduli are expressed as a fraction f of those of thin graphite/
epoxy layers. The plate with a thickness ratio a/h of 10 is analyzed
for different values of f ranging from 1.0 to 0.02 where the
piezoelectric parameters of PZT-4 are taken as zero for the purpose of
validation. Values for deflection, in-plane normal stress, and
transverse shear stress at important locations of the plate are obtained
by the proposed model and the results are presented in Table ] along
with those of elasticity solution of Pagano [26]. The agreement
between the results clearly shows the performance of the proposed
model and its capability. The analysis is also carried out with the
options of HSDT and FSDT of the present formulation and the results
obtained are included in Table 1, which shows the inability of these
plate theories especially for lower values of f.

Now the problem is studied for a specific value of f (=0.02) where
the piezoelectric parameters of PZT-4 are activated and the interface
between the piezoelectric layers and the graphite/epoxy layers are
grounded. To control the structural deformation, voltage is applied at
the plate top surface (actuator) using the voltage generated at the
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lower surface of the plate (sensor) as feedback. In this case, the
analysis is carried out with the full form of the present formulation
(all the degrees of freedom are retained) as well as its condensed form
(degrees of freedom for the electric potential are eliminated). The
values of central deflection obtained for two separate thickness ratios
(a/h = 10 and 20) and for different combinations of load and voltage
are presented in Table 2, which shows that the solution accuracy is
not practically affected in the analysis by the condensed model.

The study is carried out with four different mesh sizes, ranging
from 4 x 4 to 12 x 12, to show the convergence of the present results
with mesh refinement.

B. Dynamic Response of a Smart Composite Laminate Under
Applied Surface Potential

The problem of a simply supported square laminate
(p/0/90/0/p) subjected to electric load in the form of applied
voltage V = V; sin(mrx/a) sin(wy/a) sin(wt) at the plate top surface
(actuator), as studied by Ray et al. [27], is considered in this example.
The thickness of each surface-bonded piezoelectric layer (PVDF) is
0.1 mm, whereas that of each layer of the cross-ply (0/90/0)
laminated core is 2.0 mm. The material properties of the core layers
and PVDFs are as follows [26]:

core layers: E,/E, =25,
G12 = G13 = 0.5E2,

G23 = 02E2

Vip = Vi3 = Uy = 0.25; p =800 N - s?/m*

PVDFlayers: E = 2.0 GPa, v=20.25
o =100 N- s?/m*, e3 = e3, = 0.046 C/m?

6152624263320.0, kll =k22=k33=0.]062>< 10_9 F/m
The plate is analyzed by the present element with mesh size of 4 x 4
taking V;, = 100 V,w = 100 rad/s,and a/h = 6, 10, 20, 30, 50 as is
used in [3]. Similar to the preceding example, the interfaces between
the piezoelectric layers and the core are grounded. The analysis is
carried out with different values of time step Az for a particular case

Table 1 Deflection and stresses of the p/0/90//0//90/0/ p plate (a/h = 10) under transverse load

Parameter Method f
1.00 0.50 0.20 0.10 0.05 0.02
w.d present (4 x 4) 0.80157 1.0629 1.5221 2.1184 3.2095 6.2843
present (6 x 6) 0.80159 1.0630 1.5225 2.1197 3.2138 6.3070
present (8 x 8) 0.80160 1.0630 1.5226 2.1201 3.2151 6.3145
present (12 x 12) 0.80160 1.0630 1.5227 2.1203 3.2161 6.3198
3-D elasticity [26] 0.80314 1.0644 1.5236 2.1211 3.2171 6.3242
HSDT (12 x 12) 0.80155 1.0591 1.4710 1.8963 2.4349 3.2215
(present)
FSDT (12 x 12) 0.78303 0.98045 1.1644 1.2456 1.2917 1.3215
(present)
otk present (4 x 4) 0.38008 0.47108 0.56680 0.63245 0.70772 0.85608
present (6 x 6) 0.37806 0.46892 0.56539 0.63292 0.71237 0.87386
present (8 x 8) 0.37734 0.46816 0.56489 0.63308 0.71400 0.88013
present (12 x 12) 0.37683 0.46761 0.56453 0.63320 0.71517 0.88462
3-D elasticity [26] 0.37912 0.46930 0.56557 0.63413 0.71653 0.88812
HSDT (12 x 12) 0.38047 0.46918 0.55587 0.60191 0.63435 0.65962
(present)
FSDT (12 x 12) 0.36832 0.45000 0.51936 0.54744 0.56260 0.57207
(present)
Th¢ present (4 x 4) 0.11595 0.14410 0.17547 0.19951 0.23023 0.29707
present (6 X 6) 0.11666 0.14493 0.17630 0.20012 0.23026 0.29527
present (8 x 8) 0.11691 0.14523 0.17660 0.20034 0.23027 0.29462
present (12 x 12) 0.11709 0.14544 0.17681 0.20050 0.23028 0.29416
3-D elasticity [26] 0.11660 0.14359 0.17017 0.18514 0.19668 0.20515
HSDT (12 x 12) (present) 0.08529 0.15001 0.32013 0.55486 0.89653 1.4280
(present) 0.13373 0.11700 0.10039 0.08700 0.07029 0.04478
FSDT (12 x 12) 0.11386 0.15768 0.20895 0.23577 0.25235 0.26364
(present) 0.17853 0.12361 0.06552 0.03697 0.01978 0.00827

“w,. = 100E,(Gr/Epoxy)h*w/qea* ot =o(a/2,b/2,0.5h)h*/qya*

!, = 7,.(0.6/2,0.375h)h/qoa
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Table 2 Deflection [100E,(Gr/Epoxy)h3w/q,a*] of the p/0/90//0//90/0/ p plate under load and voltage

2641

a/h Mesh qo=1.0 q0=1.0,V,=1.0 q0=1.0,V, =10.0 q0=10,V,=-1.0
Case 1? Case 20 Case 1 Case 2 Case 1 Case 2 Case 1 Case 2
10 4x4 6.1472 6.1470 26.210 26.212 206.17 206.18 —13.780 —13.781
6x6 6.1696 6.1695 26.550 26.551 209.36 209.37 —14.074 —14.075
8x8 6.1770 6.1770 26.669 26.669 210.48 210.49 —14.178 —14.179
12 x 12 6.1821 6.1822 26.754 26.754 211.28 211.29 —14.253 —14.253
20 4 x4 2.3224 2.3224 6.3124 6.3125 41.840 41.841 —1.5827 —1.5828
6x6 2.3241 2.3241 6.3721 6.3721 42421 42422 —1.6389 —1.6389
8x8 2.3247 2.3247 6.3931 6.3931 42.626 42.627 —1.6588 —1.6588
12 x 12 2.3250 2.3250 6.4081 6.4081 42.773 42.773 —1.6731 —1.6731
2Case 1: Full P°Case 2: Condensed
Table 3 Deflection w, _ of the p/0/90/0/p plate subjected to applied voltage
Source a/h==6 a/h=10 a/h =20 a/h =30 a/h =50
Present —2.915 —6.069 —19.91 —43.16 —122.15
3-D elasticity [26] —2.945 —6.200 —20.44 —43.97 —119.6
FEM [3] —2.752 —5.704 —18.65 —-39.91 —-107.2

(a/h = 50), where At =10 us is found to be more than sufficient
and it has been applied for all the cases. The maximum values of
central deflection

_ E;(core)
Voes

(wc‘m)[ w(a/2,b/2, 0)}

obtained in the present analysis are presented in Table 3 along with
those obtained from the 3-D elasticity solution [26]. The agreement
between the results is found to be very good. Ray et al. [27] have also
solved the problem by a finite element model [3] based on single
layer plate theory. The results obtained by them are also included in
Table 3, which shows that their finite element model [3] is not as
accurate as the present model is, as expected. In addition, the time
history of the central deflection w is plotted in Fig. 3 for
a/h = 10, 20, and 30.

Cnormal

C. Response and Control of a Smart Composite Laminate
Under Sudden Release of Load

The dynamic response of a simply supported square laminate
(p/0/90/0/ p) due to sudden release of a uniformly distributed load
(1000 N/m?) carried by the plate is studied in this example. In this
case, the control of dynamic response for different values of gain is
also studied. The thickness and material properties of the individual
layers as well as the grounding condition are identical to those used in

—x—alh=10
507 —+—a/h=20
40 alh =30

30
20
104 /“\

-20 4

Cnormal

-30 4

-40 -

-50

-—
10,000 15,000 20,000 25,000 30,000
Time (us)

Fig. 3 Response for central deflection of a square p/0/90/0/p plate
under sinusoidal voltage.

T T T
0 5000

the preceding example. The study is made for a/h = 10 and 30. The
effect of structural damping is taken into account; the damping
matrix is defined in terms of stiffness and mass matrices as

a=80x10"rad/s and B =2.3x10?s/rad for a/h =10
and o =1.0x 107 rad/s
B =0.965 x 10 s/rad for a/h = 30

and

The analysis is carried out with mesh size of 4 x 4 and time step of
2.5 pus. The time history of the central deflection

100E h
_ »(core) »

Cnormal 4

qoa

for three different values of feedback gains obtained in the present
analysis is plotted in Figs. 4 and 5 for a/h = 10 and 30, respectively.
This problem has also been studied by Samanta et al. [3] by a finite
element model based on a single layer plate theory as mentioned in
the preceding example. It is expected that the present results will not
have very good agreement with those of [3] as explained in the
preceding example, but the overall pattern is found to be similar in
both the cases.

—— Gain=0
- +-- Gain = 20,000
—o— Gain = 40,000

0.5 1

0.0 ;

W,
Cnormal

-0.5 4

-1.0

Time (us)

1.5
Fig. 4 Response of a p/0/90/0/p plate (a/k = 10) for sudden release
of load.
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Fig. 5 Response of a p/0/90/0/p plate (a/h = 30) for sudden release
of load.

D. Response of Smart Composite Laminates with Embedded
Piezoelectric Layers Subjected to Suddenly Applied
Surface Potential

In most of the studies on smart laminates, it is found that the
formulation is restricted to handle surface-bonded piezoelectric
layers only. As the present formulation is free from that limitation
and is capable of modeling a smart laminate with any number of
piezoelectric layers placed anywhere inside the plate thickness, a
problem of that type is considered in this example. The plate is a
simply supported square laminate having three different ply
arrangements depending on the placement of the embedded
piezoelectric layers, and they are PA;: p/0/90/0/p/90//90/p/0/
90/0/p,PA,: p/0/90/p/0/90//90/0/p/90/0/p,andPA;: p/0/
p/90/0/90//90/0/90/p/0/ p. The thickness ratio a/h of the plate
is taken as 10 (h=0.1 m), where the thickness &, of four
piezoelectric layers is 0.20% (4 x 0.05h), and the rest of the thickness
is equally shared by the fiber reinforced composite layers. The
material properties are identical to those in the second example.
Under the action of suddenly applied electric potential
[V =V,sin(nx/a) sin(wy/a)] at the different surfaces of the
piezoelectric layers, the dynamic response of the plate is studied for
five different cases as follows:

Case 1: plate PA; is subjected to electric potential (V, = 100 V)at
the top surface of upper embedded piezoelectric layer and that with
Vo = —100 V at the bottom surface of lower embedded piezoelectric
layer. The other surfaces of these two piezoelectric layers are
grounded.

Case 2: plate PA, with applied potential and grounding condition
like that of case 1.

Case 3: plate PA; with applied potential and grounding condition
like that of case 1.

Case 4: case 3 with additional electric potential (V, = 100 V) at
the top surface of the uppermost piezoelectric layer where its other
side is grounded.

Case 5: case 4 with additional electric potential (V, = —100 V) at
the plate bottom surface of the lowermost piezoelectric layer where
its other side is grounded.

In all the cases, the analysis is carried out with mesh size of 4 x 4
and Ar=30.0 us; the time history obtained for the central
deflection

E,(core)
W, = —
Cnormal 10063]

is presented in Fig. 6. The figure shows that the location of
piezoelectric layers has a telling effect on the actuation power
generated by a given applied electric potential. The actuation, in fact,
gets enhanced with the increase in distance of the piezoelectric layers
from the plate neutral plane. Thus, to have a better actuation, the
surface-bonded and/or neighboring embedded piezoelectric layers

‘normal

We,

-45

T T T T T T T
1000 2000 3000 4000
Time (us)

Fig. 6 Response of a smart plate for voltage applied at different
piezoelectric layer.

o -

should be used as actuators, whereas an embedded piezoelectric layer
placed anywhere inside the laminate may be used as sensor.

The effect of boundary condition on the response characteristics is
studied by taking the plate PA;, which is subjected to electric
potential V only at the plate top surface, whereas the bottom surface
of the uppermost piezoelectric layer is grounded. The different
boundary conditions taken are 1) SSSS: all the edges are simple
supported; 2) CCCC: all the edges are clamped; and 3) SCSC: two
opposite edges are simple supported and the other edges are clamped.
For these three cases, the time history for the normalized central
deflection w, _ obtained with the same time step and mesh size as
earlier is presented in Fig. 7.

E. Response and Control of Smart Double Core Sandwich Laminates
Subjected to Suddenly Applied Transverse Load

The dynamic response of a simply supported square sandwich
laminate (a/h = 10) with surface-bonded piezoelectric layers is
studied in this example. For this purpose, two different stacking
sequences are taken: case 1: p/0/90/0/90//C/C//0/90/90/0/p
and case 2: p/0/90//C/0/90/0/90/C//90/0/p. The materials
used for surface-bonded piezoelectric layers and the cross-ply
laminated stiff sheets (0/90---) are PZT-4 and graphite/epoxy,
respectively (material properties are given in the first example). A
low strength isotropic material (E = 6.89 x 10° GPa and
G = 3.45 x 10° GPa) is used for the core layers /C/. The density p
for each of these three types of material is taken as 1.0 N - s>/m*. The

——SSSS
27 —e—SCSC
~o--CCCC

chorma/

T T T T T T T T 1
1000 2000 3000 4000 5000
Time (us)

Fig. 7 Effect of boundary conditions on response of a p/0/p/90/0/
90//90/0/90/p/0/ p plate.

o+
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Fig. 8 Effect of core layer placement on response of a smart sandwich
plate.
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Fig. 9 In-plane normal stress of a smart sandwich plate (a/h = 10).
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Fig. 10 Effect of aspect ratio on response of a p/0/90/0/90//C/C//
0/90/90/0/ p sandwich plate (a/h = 10).

thickness of each piezoelectric layer, each ply of the cross-ply
laminates, and each core layer is 0.05h, 0.05h, and 0.25h,
respectively. The interfaces between the piezoelectric layers and
graphite/epoxy (Gr/Epoxy) layers are grounded. In this case, the
effect of structural damping is considered in a similar manner as
taken earlier. Under the action of suddenly applied uniformly
distributed transverse load, the plate is analyzed with mesh size of
4 x 4 and time step of 30 us. The time histories for the deflection
w, and top fiber normal stress o} obtained at the plate center
are presented in Figs. § and 9, respectively, for both the stacking
sequences. The figures show that the placement of the core inside the
plate has a significant effect on the dynamic response especially in
terms of the deflection of the plate. To study the effect of aspect ratio,
the plate considered in case 1 is reanalyzed for three different aspect
ratios (b/a = 1.0, 1.5, and 2.0) in a similar manner and the response
for central deflection w, _ obtained is plotted in Fig. 10. The

rmal
deflection and extreme fiber normal stress are normalized as follows:

_ 100E,(Gr/Epoxy)h’

Cnormal q0a4

w(a/2,b/2,0) and

2

h
Ufcm,,.m, = ﬁ%(“/zy b/2,h/2)
0

The response of a plate, having stacking sequence as defined in
case 2 and aspect ratio b/a =2.0, subjected to a uniformly
distributed load with time variation as shown in Fig. 11a, is studied
with mesh size 4 x 4 and time step of 25 us. The response is
controlled by applying voltage at the plate top surface, whereas the
voltage generated at the plate bottom is taken as feedback to get the
actuation voltage with an appropriate gain. For three different values
of gain, the time history of the central deflection w is plotted in
Fig. 11b.
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a) Time history of the uniformly distributed pulse load
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b) Time history of the central deflection of the sandwich plate
Fig. 11 Response of a p/0/90//C/0/90/0/90/C//90/0/p plate
(a/h = 10; b/a = 2) subjected to a pulse load.
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IV. Conclusions

The dynamic response and its control of composite and sandwich
laminates with surface-bonded as well as embedded piezoelectric
layers are studied in this paper. A refined hybrid plate theory is
recommended for the modeling of the structure that involves a
coupled electromechanical field problem. This plate theory
demonstrates piecewise parabolic variation of in-plane displace-
ments and it ensures transverse shear stress continuity at the layer
interfaces, as well as stress-free conditions at plate top and bottom
surfaces. The plate theory is capable of representing any arbitrary
through-thickness variation of electric potential that is caused by the
presence of embedded piezoelectric layers. Interestingly, the plate
theory having such capabilities effectively retains unknowns at the
reference plane only. For finite element implementation of this plate
theory, C' continuity of transverse displacement is required at the
element interfaces. As this requirement cannot be fulfilled by most of
the existing elements, a new four-noded rectangular element is
developed in the present study where this continuity condition is
fully ensured. Numerical examples are solved by this finite element
model, which shows that its performance is very good vis-a-vis the 3-
D elasticity solution. Finally, the model is applied to a number of
problems obtained by varying different parameters. Effect of
placement of the embedded piezoelectric layers is studied and it is
observed that it has a telling effect on the deformation characteristics.
Similarly, the positioning of the low strength core in a smart
sandwich laminate is found to have a significant effect on the
dynamic response of transverse displacement.
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